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Abstract:  W e consider the stead y f low of a viscous fluid around a sphere of 

f ini te  radius in non- I inear  for mula t ion .  The  equations of mot ion ar e wri t ten 

in non-d imens iona l  terms.  We seek thei r  solution as the expansion of 

the  unknown s t ream function in a series of powers of the Reynolds 

number ,  the coeff ic ients  of which are polynomials  in associated 

Legendre functions of the first kind.  Recurrence re la t ions  are given for 

the sequent ia l  de te rmina t ion  of  a l l  coef f ic ien ts .  The ve loc i ty  and 
pressure fields are de te rmined .  The drag is ca l cu la t ed .  NumericaI  

ealcula t ion~ are carr ied out.  

1. Formulat ion of the  problem.  Suppose that  an incompress ib le  

viscous fluid flows around a sphere of radius r~ where the flow is 
defined not at infini ty as in the c lass i ca l  case  but on a sphere of f in i te  

radius r z . In a spher ical  system of coordinates  (0 = 0 is the axis of 
symmetry) ,  the boundary condi t ions of the problem are 

v r =  v o = 0  for r =  rl, 

v , . =  ucosO,  v 0 = - u s i n 0  for r =  r~. (1 .1)  

We can wri te  the exact  Navier-Stokes  equations and l i m i t i n g  

condi t ions (1.1)  in non-d imens iona l  form: 

OQ t t OL(D LO OOP 
Ox B x" O~ t- x~ . ( l_ .~9  Ox ' 

OQ t t OLq) L(D 009 
OT R t - - ' ~  Ox t- x ~ ( i - - ' ~ )  0"~ ' (1 .2)  

or, e l in ina t ing  Q: 

[I--, ~ Oq~ 0 L *  O0 0 LeD] 
LLq~-~- B x ~" "Ox 01: i - - T  ~ OT Ox x ~ ; (1 .3)  

O0 O(I) O0 
O - - ~ - = ~ = 0  ( z = i ) ,  & -- za~, 

Off) 
0a = (t - -  ~ )  a (z = a), 

0 e i -  T" 0 ~ r 
L = ~ + "  x~ 0 .~ '  x = 7 7 1 ,  

r 2 rlI~ 
a - - - -  "C = c o s O ,  B = ' ~ - - '  (1 .4)  

- - / , 1 1  

Here R is the Reynolds number,  pu 2 p ( x , r )  is the hydrodynamic  

pressure, r l~u#(x , r )  is the s t ream funct ion,  in terms of which the 

ve loc i ty  components  v r = uv(x , r )  and v 0 = uw(x , r )  are expressed as 
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2. Solution of the problem.  We seek the solution of problem (1.3) 
in the form of a series of posi t ive  powers of the Reynolds utnnber R 
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Here the pn ~ (r) are the associated Legendre functions of the  first 

kind, we know that  (2 .1) ,  together  with its der iva t ives  up to an order 

de te rmined  by (1 .3) ,  converges for sma!I  Reynolds numbers [1, 2]. 

Having substi tuted the va lue  of the stream function (2.1)  into (1.3)  

and (1.4) ,  and after ident i fy ing  coeff ic ients  of l ike  powers of the 

Reynolds number on the le f t -  and r ight -hand sides and then for l i ke  

pn(7), we obta in  an inf in i te  sequence of system of Euler d i f ferent ia l  
equations,  with the corresponding boundary condit ions 
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The remaining a i ( i = 2,3 . . . . .  8) are defined by simil.ar expressions. 

The solution of Eq, (2.2),  satisfying (2.3) ,  is 
a 

~n ( x )  : 2 (a - -  1) a (4a ~" .q- 7a @ 4) • 

X [--  2a'-' (a~ + a + 1) x-1 + 6 (a '~ + aa -l- aZ + a + l) ;,: - -  

- - (4a~+4aa .+4a" -@9a- l -9 )  x ~ - - 3 ( a & t ) x q ;  (2.6) 

A~.., i (x) x I- ~{ x3-- 2i x2i x2i+~ 

A~,/( t )  t t t i 

,~,~ (,:) = ~ [  A ; , ~  ( l )  ~ - 2~ 3 - 2~ 2~ 2i + 2 

(k >/2)  A,a ' ~ (a) a ~-~ a ~-~ a~'~ a~  +2 

[Al, , i (a)  ( t - - 2 i )  a -2i (3 - -2 i )  a ~-~{ 2ia 2i-1 (2 i@2)  a ~i+l 

A ~ = 4 a a i + l _ ( 4 i - - t ) ~ a a 4 7  2(4i + t ) ( 4 i - - 3 ) a " - - ( 4 i - - l ) ~ " + 4 a a - ~ i ;  

~r 0g 

Ak, i ( x ) -  2 ( 4 i - -  1) (4i q- t) x~i+u ,)i ~ ~l-2i(ph,,i ~)'~" d~ --  x 1 - i i  ~2i+~q)k,i(~.) d~ + 
a 1_ 

§ 
2 (4i -- 1) (4i -- 3) %;, { . 

1 a 

Bk, ~ (x) x -2i x~- 2~ x21 +1 x2i +a 

B< ~, (t) 1 i l 1 

t7  t Bs i ( l )  - -  2i 2 - -  2i 2i -r- t 2i - -  3 %,,~ (~) ~ ,, 

(k >~ BI,:, i (a) a -~i a 2-''i a ~i+t a ~i+a 

B~.,i(a) - -  2ia -~-i-t (2 - -2 i )  a ~-2i ( 2 i @ t ) a  2i (2i@3) a ~i'" 

1 

} 

i 

A2 = 4a ~i+a - -  (4i '-- 'l)"- a~ -'- 2 (4i + 2)(4i --  t) a~ - -  (4i -'- t) ~" -}- 4a r-~r ; 

i J Bk, i (x) = 2 (4i q- t) (4i + 3) x~'~+z E -'2i q~. ~ (E) d~ --  x-~i *b, ~ (~-) d~ -~ 
a 1 

1 [.X2-2 t ~2i+1 . + 2 ( 4 1 4 - ~ ) ( 4 i - l )  . ~ ~#,~(~)4~ - ~ 2 ~ ~  \ ~2-"~'~,,~(~)d@ 
1 a 

(2.7) 

(2. ~) 

Equations (2. i) and (2 .4 ) - (2 .8 )  fully define the stream function 
and therefore the velocity field of the flow under consideration. 

In determining the drag of the sphere we wiI1 use the value of the 
function % 1 (x) which is easily obtained by successive application of 
(2, 4 ) - (2 .8) ,  

3. Determination of the pressure. If we substitute into (1.2) the 
expression for the stream function (2. t) ,  integrate the second equation 
of (1.2) with respect to r, and then substitute the result into the first 
equation of (1.2),  for the determination of the arbitrary dependence 
on x (here, it is necessary to take into account that the functions 
'Irk,i(x) and ~k,i(x) are the solutions of Eq. (2 .2) ,  we thus establish 

that the hydrodynamic pressure has the following form: 
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where Pn(r)is a Legendre polynomial  and the functions qk, i (x) and 
Pk,i(x) are expressed in terms of the coefficients of series (2.1) by 

complicated formulas which we shall not quote. We simply note that,  
due to boundary conditions (2.3),  
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%, l  (i) = - -  dx,~ (3.2) 

4. Frontal drag. h~ view of the symmetry of the pressure, the 
resulting action of  the fluid on the sphere is defined by a force 
directed along the axis of symmetry 
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Substitutiug (4.2) into (4.1),  replacing p(x,r)  and r by their 
values from (3.1) and (2.1),  taking note of the vatues of the integrals 
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and taking note also of the property of the functions qk,l(x) in (3.2),  
we obtain 
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Retaining only the first two terms of (4.3) and using the values 

of the functions *i~(x) and *u(x) ,  we can  find the magn i tude  of the 

drag to an accuracy  of Ri: 
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The expression for the drag coef f ic ien t  
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for various values of a in terms of the Reynolds number R are: 

/ (2 )  = 7.2941(1 -t- 0.00113R2); 
/ (3) = 2.9754 (t + 0.005ttR~-); 
/ (4) = 2.1049 (1 -[- 0.01t92R2); 
J (5) = 1.7558 (1 -[- 0.02t52R s) ; 
f (6) = t .57 t4  (t @ 0.03217R~); 
] (7) = t.4582 (1 + 0.04480RZ); 
f (8) = t.3820 (1 @ 0.0587tR ~); 

] (t0) = 1.2862 (t @ 0.08957R2); 
[ (20) = t .1264 (1 @ 0.22162R2); 
] (30) = t .08 t0  (1 @ 0.49890B2); 
f (50) = t.0471 (1 -}- 0.97594R2). 

We see tha t ,  as 0 increases,  the drag coeff ic ien t  genera l ly  
decreases,  whi le  its second term,  which arises from the ca lcu la t ions  of 
non- l inea r  terms in the pressure equations,  increases.  

We note that  the magni tude  of the drag from Eq. (4.4) ,  for smal l  

P.eynolds numbers and for a = 10, 20, 30, hardly differs from tile values  
obta ined by (?seen [3] and Praudman aud Pearson [4] for the case of the 

s t rea ln l in iug  of a sphere by a flow which is uniform at ia f ln i ty .  
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